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Homulle et al., CF, 2016
Charbon et al., IEDM, 2016

The Quest for the Quantum Integrated Circuit
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 H. Homulle, et al., ACM International Conference on Computing Frontiers, May 16, 2016.
 E. Charbon, et al. IEDM 2016.
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Reduction of T down to Cryogenic Temperature (CT)
Th

e 
sE

KV
 M

od
el

 fo
r t

he
 D

es
ig

n 
of

 C
ry

o-
C

M
O

S 
C

irc
ui

ts
 | 

SM
AC

D
 | 

Is
ta

nb
ul

 | 
20

25

©
 C

hr
is

tia
n 

En
z

Parameter CT Behavior Impact
Mobility Increases 

Saturated velocity Increases 

Transconductance Increases 

Subthreshold swing (SS) Decreases, but
saturates at LT




Leakage currents Decrease 

Thermal conductivity Increases 

Thermal noise Decreases 

Flicker noise Increases 

Threshold voltage Increases 
Oscillations and kinks in the transfer and 
output characteristic Appear 
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I-V Characteristics of 22 nm FDSOI
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Transfer Characteristic in Saturation
nMOS pMOS

Long
Short

Long
Short

nMOS pMOS
Output Characteristic in Strong Inversion

▬ 300 K
▬ 210 K
▬ 150 K
▬ 77 K
▬ 36 K
▬ 20 K
▬ 2.95 K
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▬ 20 K
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I-V Characteristics of 16nm FinFET
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Subthreshold Current
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Dashed lines: 𝑉஽ௌ ൌ 10 𝑚𝑉 (linear)
Solid lines: 𝑉஽ௌ ൌ 0.8 𝑉 (saturation)



𝑆𝑆 ≜
𝑑 logଵ଴ 𝐼஽
𝑑 𝑉

ିଵ

ൌ
𝜕𝑉
𝜕𝜑௖௛

⋅
𝑑 logଵ଴ 𝐼஽
𝑑 𝜑௖௛

ିଵ

ൌ 𝑛 ⋅        ln 10 
𝑘𝑇
𝑞

Subthreshold Swing 
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 Required current to achieve a given transconductance 𝐺௠ in weak inversion
𝐼஽ ൌ 𝐺௠ ⋅ 𝑛௘௤ ⋅ 𝑈்

 with 𝑈் ≜
௞்
௤

and where 𝑛௘௤ is defined as

𝑛௘௤ 𝑇 ൌ
𝑆𝑆ሺ𝑇ሻ

ln 10 𝑈்
ൌ ቐ

𝑛 for 𝑇௖ ൏ 𝑇
𝑞

ln 10 ⋅
𝑆𝑆௦௔௧
𝑘𝑇 for 𝑇 ൏ 𝑇௖

 Current savings at CT to reach the same 𝐺௠ than at RT in weak inversion

𝐼஽|௖௥௬௢
𝐼஽|ோ்

ൌ
𝑛௘௤ห௖௥௬௢
𝑛௘௤หோ்

·
𝑇௖௥௬௢
𝑇ோ்

ൌ
33
1.5 ·

4.2
300 ൌ 22 ·

1
71 ൌ

1
3.2

 Current savings of 3.2 instead of 70 if 𝑛௘௤ would remain constant

Impact of Saturation on Power
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 C. Enz, H.-C. Han, “Design of Cryo-CMOS Analog Circuits using the Gm/ID Approach,” ISCAS 2023.



 The subthreshold drain current 
𝐼௦௨௕ is made of
𝐼௦௨௕ ൌ 𝐼௧௛ ൅ 𝐼௛௢௣ ൅ 𝐼௦ௗ௧

 The thermionic current 
𝑰𝒕𝒉 which dominates at RT
 The hopping current 𝑰𝒉𝒐𝒑 in 

band tail
 The source-to-drain tunneling 

current 𝑰𝒔𝒅𝒕

Subthreshold Drain Current
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𝐼௦௨௕ ൌ 𝐼௧௛ ൅ 𝐼௛௢௣ ൅ 𝐼௦ௗ௧
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 Hopping current dominates  SDT current dominates

Subthreshold Currents at CT
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Subthreshold Current Model Validation on 22nm FDSOI at CT
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Subthreshold Swing Validation on 22nm FDSOI at CT
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 Current dominated by SDT at CT  Current dominated by hopping current 
𝐼௛௢௣ଶ at CT

Current Decomposition and Subthreshold Swing
Th

e 
sE

KV
 M

od
el

 fo
r t

he
 D

es
ig

n 
of

 C
ry

o-
C

M
O

S 
C

irc
ui

ts
 | 

SM
AC

D
 | 

Is
ta

nb
ul

 | 
20

25

©
 C

hr
is

tia
n 

En
z

15

Long-channel in saturationShort-channel in saturation

VDS = 1 VVDS = 1 V
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 ∆𝑉 ଴ mostly due to change in the Fermi 
voltage as illustrated in the right figure
 Impact of incomplete ionization is minor

Threshold Voltage Modeling
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 A. Beckers, et al., IEEE JEDS, vol. 8, pp. 780–788, April 2020.



Threshold Voltage vs Back-gate Voltage
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 Overdrive voltage 𝑉 െ 𝑉 ଴ not convenient for weak inversion
 Replaced by the inversion coefficient 𝑰𝑪 characterizing the global level of 

inversion of the transistor in saturation

𝐼𝐶 ≜
𝐼஽|௦௔௧௨௥௔௧௜௢௡

𝐼௦௣௘௖
 where 𝐼௦௣௘௖ ൌ 𝐼௦௣௘௖□ · 𝑊 𝐿⁄ , 𝐼௦௣௘௖□ ≜ 2𝑛 · 𝜇 · 𝐶௢௫ · 𝑈்ଶ, 𝑈் ≜ 𝑘𝑇 𝑞⁄

The Concept of Inversion Coefficient
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10 1000.10.010.001
IC

Moderate inversionWeak inversion Strong inversion

Subthreshold

(WI) (MI) (SI)

Typical values of 𝐼௦௣௘௖□ for 28-nm (at RT):
750 nA for NMOS
200 nA for PMOS

20

 C. Enz, F. Chicco, and A. Pezzotta, IEEE Solid-State Circuits Magazine, vol. 9, no. 3, pp. 26-35, Summer 2017.



 The normalized drain current in saturation or inversion coefficient is given by

𝐼𝐶 ≜
𝐼஽|௦௔௧௨௥௔௧௜௢௡

𝐼௦௣௘௖
ൌ

4 𝑞௦ଶ ൅ 𝑞௦
2 ൅ 𝜆௖ ൅ 4 1 ൅ 𝜆௖ ൅ 𝜆௖ଶ · 1 ൅ 2𝑞௦ ଶ

 where 𝑞௦ ≜ 𝑄௜ሺ𝑥 ൌ 0ሻ 𝑄௦௣௘௖⁄ is the normalized inversion charge at the 
source with 𝑄௦௣௘௖ ≜ െ2𝑛 · 𝐶௢௫ · 𝑈்
 𝜆௖ is the velocity saturation (VS) parameter corresponding to the fraction of the 

channel under full velocity saturation

𝜆௖ ≜
𝐿௦௔௧
𝐿

 where 𝐿௦௔௧ ൌ 2𝜇଴ · 𝑈் 𝑣௦௔௧⁄ ൌ 2𝑈் 𝐸௖⁄ is the channel length over which the 
velocity is fully saturated

Simplified EKV Charge-based Model (in saturation)
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 C. Enz, F. Chicco, and A. Pezzotta, IEEE Solid-State Circuits Magazine, vol. 9, no. 3, pp. 26-35, Summer 2017.



 The current versus charge expression is coupled to the following voltage versus 
charge relation

𝑣௣ െ 𝑣௦ ൌ 𝑙𝑛 𝑞௦ ൅ 2𝑞௦
 where voltages are normalized to 𝑈் ≜ 𝑘𝑇 𝑞⁄

𝑣௣ ≜
௏ು
௎೅
ൌ ௏ಸି௏೅

௡·௎೅
𝑣௦ ≜

௏ೄ
௎೅

𝑈் ≜
௞்
௤

 where 𝑉௉ ൌ 𝑉 െ 𝑉 𝑛⁄ is the pinch-off voltage

 Only requires the following 4 parameters: 𝑉 , 𝐼௦௣௘௖□, 𝑛, 𝐿௦௔௧ (or 𝜆௖)

 No explicit expression of the current versus voltage
 Note that parameter 𝑛 allows to change the slope factor versus temperature

Voltage versus Charge
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 C. Enz, F. Chicco, and A. Pezzotta, IEEE Solid-State Circuits Magazine, vol. 9, no. 3, pp. 26-35, Summer 2017.



 The normalization process strips-off most of the technology dependence which is 
captured by only 4 parameters 𝑽𝑻𝟎, 𝑰𝐬𝐩𝐞𝐜□, 𝒏, 𝑳𝒔𝒂𝒕

sEKV for Different Advanced Technologies (RT)
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 H. -C. Han, A. D’Amico and C. Enz, “SEKV-E: Parameter Extractor of Simplified EKV I-V Model for Low-Power Analog Circuits,” OJCAS, vol. 3, pp. 162-167, 2022.

nMOS pMOS



sEKV for 22nm FDSOI at Cryogenic Temperature
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 H. -C. Han, A. D’Amico and C. Enz, “SEKV-E: Parameter Extractor of Simplified EKV I-V Model for Low-Power Analog Circuits,” OJCAS, vol. 3, pp. 162-167, 2022.



 The 𝐺௠ 𝐼஽⁄ FoM tells how much 𝐺௠ you get for a given current
 It is a fundamental FoM for low-power analog and RF IC design

Current Efficiency or 𝒎 𝑫 FoM
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1
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The 𝒎 𝑫 for Different Advanced Technologies
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RT RT down to CT

The normalized 𝐺௠ 𝐼஽⁄  FoM is 
almost independent of temperature

 H. -C. Han, A. D’Amico and C. Enz, “SEKV-E: Parameter Extractor of Simplified EKV I-V Model for Low-Power Analog Circuits,” OJCAS, vol. 3, pp. 162-167, 2022.

The normalized 𝐺௠ 𝐼஽⁄  FoM is invariant to technologies
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 Approximation of the 𝑌−parameters
given below
 ℜ 𝑌 shows quadratic behavior with 

respect to frequency
 It allows direct analytical parameter 

extraction (without optimization)

Simple RF modeling of FDSOI
Th

e 
sE

KV
 M

od
el

 fo
r t

he
 D

es
ig

n 
of

 C
ry

o-
C

M
O

S 
C

irc
ui

ts
 | 

SM
AC

D
 | 

Is
ta

nb
ul

 | 
20

25

©
 C

hr
is

tia
n 

En
z

28

 H. -C. Han et al., ESSDERC, pp. 269-272, 2022.

𝑌ଵଵ ≅ 𝜔ଶ 𝐶ீ஻ଶ 𝑅஻ ൅ 𝐶ீீଶ 𝑅ீ െ 𝑗𝜔𝐶ீீ
𝑌ଵଶ ≅ 𝜔ଶ 𝐶஻஽𝐶ீ஻𝑅஻ െ 𝐶ீ஽𝐶ீீ𝑅ீ െ 𝑗𝜔𝐶ீ஽
𝑌ଶଵ ≅ 𝐺௠ ൅ 𝜔ଶ 𝐶ீ஻𝑅஻ 𝐶஻஽ െ 𝐶௠ ൅ 𝐶௠௦ െ 𝐶ீீ𝑅ீ 𝐶ீ஽ ൅ 𝐶௠ െ 𝑗𝜔 𝐶ீ஽ ൅ 𝐶௠
𝑌ଶଶ ≅ 𝐺ௗ௦ ൅ 𝜔ଶ 𝐶஻஽𝑅஻ 𝐶஻஽ െ 𝐶௠ ൅ 𝐶௠௦ ൅ 𝐶ீ஽𝑅ீ 𝐶ீ஽ ൅ 𝐶௠ ൅ 𝑗𝜔 𝐶஻஽ ൅ 𝐶ீ஽



RF Extraction Compared to Measurements (RT & CT)
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 H. -C. Han et al., ESSDERC, pp. 269-272, 2022.

Extracted parameters versus temperatureℛ
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𝒕,𝒑𝒆𝒂𝒌 and 𝒎𝒂𝒙 versus Temperature
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 The non-quadratic behavior of ℜ 𝑌ଶଶ at low frequency is due to self-heating
 The difference between 𝐺஽ௌೃಷ and 𝐺஽ௌವ಴ is due to self-heating and becomes 

significant at 3.3 K particularly for nMOS

Impact of Self-heating on 𝟐𝟐
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 H. -C. Han et al., ESSDERC, pp. 269-272, 2022.



 A 4th-order thermal network is needed for a proper modeling of the dynamic SH effect

Y-parameters at CT including Self-Heating
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- - No self-heating
▬ 1st-order model
▬ 4th-order model
 Measurements
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 𝒀ேௐ iso-thermal 𝑌-param.
 𝒀ௌு dynamic SH term

 H. -C. Han et al., accepted for publication in JEDS, 2025.



Y-Parameters at RT and CT (incl. SH)
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 H. -C. Han et al., accepted for publication in JEDS, 2025.
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 Introduction
 Subthreshold current and swing
 Threshold voltage
 Simplified EKV model at CT
 RF modeling
 Noise modeling
 Conclusion
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 The noise-to-signal ratio 𝑆ூ஽ 𝐼஽ௌଶ⁄ increases at CT thanks to improved 𝐺௠ 𝐼஽ௌ⁄ at CT (in 
strong inversion)
 The simple model fits the data well down to CT
 Parameter Ω ≅ 4 𝑉ିଵ and 𝑆௏೑್ are almost temperature independent

Low-frequency Noise in 22nm FDSOI
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ௌ಺ವ
ூವೄ
మ ൌ ீ೘

ூವೄ

ଶ
⋅ 1 ൅ Ω ூವೄ

ீ೘

ଶ
⋅ 𝑆௏೑್ with 𝑆௏೑್ ൌ

௤మ௞்ఒே೟
ௐ௅஼೚ೣమ ௙

 B. Cardoso Paz , et al., TED, vol. 67, No. 11, Nov. 2020.



White Noise and the Fano Noise Suppression Factor

 The Fano noise suppression factor compares the PSD of the drain current 
fluctuations to the PSD of shot noise which is dominant in weak inversion

𝐹௔ ൌ
𝑆∆ூವమ
2𝑞𝐼஽

ൌ
4𝑘஻𝑇 ⋅ 𝛾௡𝐺௠

2𝑞𝐼஽
ൌ 2𝑈் ⋅ 𝛾௡ ⋅

𝐺௠
𝐼஽

ൌ 2 
𝛾௡
𝑛 ⋅

𝑔௠௦ 𝐼𝐶
𝐼𝐶

 By definition 𝐹௔ ൌ 1 when the noise is full shot noise like in weak inversion and 
𝐹௔ ൏ 1 when the noise is only partially due to shot noise like it is the case in 
moderate and strong inversion for example
 The Fano noise suppression factor is actually proportional to the 𝑮𝒎 𝑰𝑫⁄ ratio
 It can be expressed in terms of the inversion coefficient 𝐼𝐶 by using the 

normalized 𝐺௠ 𝐼஽⁄ ratio
𝑔௠௦ 𝐼𝐶
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4𝐼𝐶 ൅ 1 ൅ 𝜆௖𝐼𝐶 ଶ െ 1

𝐼𝐶 2 ൅ 𝜆௖ଶ𝐼𝐶
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 C. C. Enz and H.-C. Han, “The Fano Noise Suppression Factor and the Gm/ID FoM,” ISCAS 2023.



 The Fano noise suppression factor is limited to 𝜆௖ in strong inversion

The Fano Factor versus IC for Short Channel Transistors
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 For short-channel

𝐹௔ ≅ 1 ൅ 𝜆௖ଶ ⋅ 𝐼𝐶 ⋅
𝑔௠௦ሺ𝐼𝐶ሻ

𝐼𝐶
 where 𝜆௖ ≜

௅ೞೌ೟
௅

 with 𝐿௦௔௧ ൌ
ଶఓబ·௎೅
௩ೞೌ೟

ൌ ଶ௎೅
ா೎

 In strong inversion
𝐹௔ ≅ 𝜆௖

 In weak inversion
𝐹௔ ≅ 1

 C. C. Enz and H.-C. Han, “The Fano Noise Suppression Factor and the Gm/ID FoM,” ISCAS 2023.



Fano Factor Measured on Several Technologies (RT)
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 C. Enz and H.-C. Han, ISCAS 2023.
 S. Das and J. C. Bardin, “Characterization of Shot Noise Suppression in Nanometer MOSFETs,” IMS, June 2021, pp. 892–895.
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 Like the normalized 𝐺௠ 𝐼஽⁄ , the Fano noise suppression factor 𝐹௔ is almost 
temperature independent, but depends on the inversion coefficient 𝐼𝐶

Fano Suppression Factor ௔ versus Temperature
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 K. Ohmori and S. Amakawa, JEDS, vol. 9, Sept. 2021.
 X. Chen, H. Elgabra, C.-H. Chen, J. Baugh, L. Wei, ISCAS 2021.
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 Available CMs do not scale correctly with T down to CT
 Most MOSFET DC features improve at CT except
●𝑉 ଴ which increases
● 𝑆𝑆 which saturates
● Additional hopping and tunneling subthreshold currents appear for short-channel at high 
𝑉஽ௌ voltage

 The sEKV can do a good job modeling silicon devices at CT
 RF 𝑌-parameters can be properly modelled at CT, but self-heating needs to be 

accounted for in ℜ 𝑌ଶଶ
 The white noise can be modelled with the Fano noise suppression factor taking 

advantage of the temperature independence of the normalized 𝐺௠ 𝐼஽⁄ FoM

Conclusion
Th

e 
sE

KV
 M

od
el

 fo
r t

he
 D

es
ig

n 
of

 C
ry

o-
C

M
O

S 
C

irc
ui

ts
 | 

SM
AC

D
 | 

Is
ta

nb
ul

 | 
20

25

©
 C

hr
is

tia
n 

En
z

41



 Github page of Christian Enz:
https://github.com/chrisenz

 General analog circuit design:
https://github.com/chrisenz/Analog-Circuit-Design

 Currently including:
●Optimization of capacitive closed loop CS amplifier
● AC simulation of SC circuits with a standard Spice simulator
● And many more to come…

Additional Resources
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Thank you

Christian Enz
Hung-Chi Han

Edoardo Charbon


